Dynamical mass generation in a three-dimensional version of finite-temperature QED is studied with the help of Schwinger-Dyson equations in the real-time formalism. We go beyond the bare-vertex approximation and include wavefunction renormalization effects. This introduces a system of two integral equations which are solved numerically. In order to increase the reliability of the results, fermion and photon self-energies varying independently with energy and momentum are used. The method applied enables a detailed study of the behaviour of the theory with increasing temperature and number of fermion flavours. *
The Schwinger-Dyson equation for the fermion self-energy is given by
where q = p − k, ∆ µν is the photon propagator with µ, ν = 0, 1, 2, Γ ν is the full photon-fermion vertex, γ µ is a four-dimensional representation of the γ-matrices, S 0 is the bare fermion propagator, and the full finite-temperature fermion propagator in the real-time formalism in Euclidean space is given by
where β = 1/k B T and δ is the usual Dirac function. The Schwinger-Dyson equation that we have written down involves only a one-loop diagram directly, so complications due to the field-doubling problem do not arise [13] . Note that, due to the broken Lorenz invariance at finite temperature, the wave function renormalization could in principle affect differently the p 0 and | p| propagator components, i.e. we should replace (1 + A(p))p / by (1 + A(p))γ 0 p 0 + (1 + B(p))γ i p i with i = 1, 2. For simplicity we will work in the approximation where A(p) = B(p) also for non-zero temperatures [12] .
For the vertex Γ ν (p, q) we use the ansatz Γ ν (p, q) = (1 + A(q)) γ ν , where A(q) is the wave-function renormalization function appearing also in the fermion propagator. Even though this vertex does not satisfy a priori the Ward-Takahashi identities, it is expected to incorporate the basic qualitative features of a nonperturbative vertex at zero temperature when used in a Schwinger-Dyson context [14] , and one can hope that the same is true also in the finite-temperature case [12] .
Moreover, the photon propagator in the Landau gauge is given by [4] 
where
with i, j = 1, 2, and where we neglect its temperature-dependent delta-function part since it is expected to give a vanishingly small contribution [5] , [11] , [15] . The longitudinal and transverse photon polarization functions Π L and Π T are given in [11] , where they are calculated in a massless-fermion approximation. Note that the wave-function renormalization in the polarization functions should not influence the final results, since the choice of our vertex ansatz makes its effects cancel [9] .
Identifying the parts of this equation with the same spinor structure, we reduce the problem to that of a system of two three-dimensional integral equations involving two functions varying independently with p 0 and | p|. The equations take the following form:
where α = e 2 N f is the dimensionful coupling of the theory, and it is more convenient to work with the mass function
We also sum over the photon polarizations P = L, T and over the two roots of the delta function by introducing ǫ = 1, −1. The quantity E is approximated by the relation
, where use of the delta-function property δ(ax) = δ(x)/|a| has been made.
Furthermore, the functions Q and P are given by
One can easily check that Q + P = −2(pk)(kq)/k 2 , which would reproduce the result of [12] if one takes Π L (k) = Π T (k) = Π(k) and switches to imaginary-time formalism.
After inspecting the equations, we note that the vertex ansatz we chose makes the integral giving the function A(p 0 , | p|) depend only on the function M and independent of A. On the other hand, the equation for M (p 0 , | p|) has to be solved self-consistently, and it actually always accepts, apart from the solutions we will seek, the trivial solution as well.
In order to attack the problem numerically, we have to discretize our mo- Since the momentum space spans several orders of magnitude, we use logarithmic variables and discretize the squares of external and loop momenta according to
, and the integration angle θ according to 2πi/n, where i = 1, ..., n. We have therefore a five-dimensional lattice, with three dimensions coming from the integrals and two from the external momenta. The results presented in this paper are for a lattice having 16 points in each of the five dimensions. We checked the stability of our results for lattices of other sizes as well, although computing-time limitations did not allow us to consider much larger lattices. We then use a relaxation method described in Ref. [5] to solve our system of equations self-consistently by iterations. Due to the complexity of the algorithm we seldom exceed a 10% accuracy of the results, which we judge as satisfactory.
The solution at T = 0 and N f = 2 for the functions Σ(p 0 , | p|) and −A(p 0 , | p|)
is given in Figs. 1 and 2 respectively. The general form of these functions does not change with increasing temperature or varying of N f . The function Σ(p 0 , | p|) falls as expected with increasing momentum, and is of the same form as the mass
is always in the range between -1 and 0 as required [16] , it is tending to zero for increasing momenta, and it is of the same form and magnitude as the approximate form used in [12] . but still not zero. Since the dimensionless ratio r of (twice) the zero-momentum and zero-temperature fermion mass function divided by this critical temperature is important for the study of solid-state systems, we list in Table 1 We note that in general the value of r remains roughly stable for various choices for N f and Λ U V . It is in fact more stable than the r ratio computed in [5] , which could be an indication that the wave-function renormalization A(p 0 , | p|)
plays a numerically stabilizing role in the system under study. In this respect, the results presented here are more trustworthy. Moreover, we note that its value is concentrated approximately around r ≈ 10.6, which is comparable to the values obtained in [5] which neglected A(p 0 , | p|). The ratio r found is also comparable to typical values obtained in Ref. [12] , which includes wave-function renormalization effects but uses several approximations which we were able to by-pass in this study.
We have to note moreover that our r values are somewhat larger than the value r ≈ 8 measured for some high-temperature superconductors [17] . However, as already discussed, we could be overestimating this ratio because of a possibly poor convergence of the algorithm for temperatures close to the critical one.
We remind the reader that the results quoted above were obtained with a photon propagator in the Landau gauge, which is convenient and widely used for this type of calculations. In addition, it possibly enables the wave-function renormalization to play a stabilizing role in the numerical algorithm and provide more accurate results. Since the final answers should be gauge-invariant however, one should in principle check whether other gauges, with corresponding vertices consistent with the Ward-Takahashi identities, give the same answer. In particular, calculations in the non-local gauge [18] eliminate the wave-function renormalization dependence of the results, since A(p) = 0, which means that the ratio r should not be influenced by A(p). In such a case, however, a different vertex choice than ours should be made, so that it does not reduce to the bare one when A(p) = 0.
At zero-temperature, this theory is known to exhibit also an interesting behaviour with the number of fermions N f . In Fig. 3 we plot the zero-momentum and zero-temperature fermion mass function with respect to N f . At N f ≈ 3.35, the mass function is still roughly four times larger than the cut-off. When N f > ∼ 3.35, our algorithm does not converge and the mass function tends fast below the IR cut-off. Note that this value did not vary substantially for different choices for Λ IR .
This behaviour could indicate that N f ≈ 3.35 is some critical point beyond which dynamical mass generation is impossible. However, numerical limitations did not allow us to explore the region Λ IR < 10 −4 Λ U V . In other words, if there were a solution for the mass function smaller than roughly 10 −4 Λ U V , our algorithm would not be able to find it because it would fall below the IR cut-off. The finite size of our lattice therefore does not allow us to draw firm conclusions on the matter.
The value of N f we find is remarquably close to the one quoted in the numerical study of [9] . These values are however roughly 25% smaller than the one quoted in the theoretical studies of Refs. [19] , [20] which take wave-function renormalization effects into account. A similar study [7] , which includes a calculation of the fermion-field anomalous dimension to second-order in 1/N f , predicts a critical value N f ≈ 3.28, which is only slightly larger than the theoretical prediction neglecting wave-function renormalization which gives N f = 32 π 2 ≈ 3.24 [2] , and quite close to the value we find numerically.
In Fig. 4 we plot the phase diagram of the theory with respect to N f and k B T . It separates two region of the parameter space which either allow or do not allow dynamical mass generation. The approximate stability of r with increasing N f lead us to rescale the data points of this plot and fit these simultaneously with the data points of Fig. 3 , with the same exponential curve e −0.66N f /26.5. The slope of this exponential fits also quite well the data on the two plots separately. The (double of) the rescaling factor was found to ber = 2M (0, 0)/k B T ≈ 10.6 and provides some kind of "mean" r-ratio which is independent of N f . Its approximate value could actually be guessed by the data in Table 1 .
The choice of an exponential fitting curve was only made to describe "phenomenologically" the general tendency of the data and to provide a measure for a r-ratio independently of N f , and is reminiscent of the results in Ref. [6] with roughly the same slope. However, there are also studies that predict a non-analytic behaviour of Σ for N f near its critical value [2] . One could speculate that such a behaviour comes into effect also for our larger N f data, since the slope of the line connecting the two last points of both Fig. 3 and 4 is larger than the one of the general fit. Moreover, as already noted, the mass function is still roughly a factor of four larger than the IR cut-off, so the value of N f quoted cannot be easily argued to be just an artifact of the finite lattice size. Lack of convergence of the algorithm and fall of the mass function below the IR cut-off however do not allow us to test the precise behaviour of the theory near N f ≈ 3.35, and it is also clear that the fitting curves should not be extrapolated for N f larger than this value.
To conclude, we were able to solve a system of two integral equations for the fermion mass function and wave-function renormalization for a finite-temperature version of three-dimensional QED, by applying a numerical relaxation technique.
Both functions as well as the photon self-energies are taken to be energy-and momentum-dependent, and this leads to a more accurate and detailed study of the criticality of the theory. One main result is a r-ratio of about 10.6, which is close to previous numerical studies. The other important result is the existence of a possibly critical fermion flavour number of roughly 3.35, which is consistent with some theoretical expectations and other numerical results. We estimate the numerical uncertainty for each of these values, which comes mainly from the convergence criteria imposed, at about ±10%. We also note that a larger lattice than the one we used could be expected to improve the convergence of the algorithm and help us understand the behaviour of the fermion mass function at regions even closer to the critical temperature and flavour number. Furthermore, it remains to be seen if the inclusion of the imaginary parts of the self-energies could influence these results considerably. 
